A Kirkman packing design KPD ({w; s * }; v) is a resolvable packing with maximum possible number of parallel classes, each class containing one block of size s and all other blocks of size w. A (t; w)-threshold scheme is a way of distributing partial information (shadows) to w participants, so that any t of them can easily calculate a key, but no subset of fewer than t participants can determine the key. In this paper we improve the existence results on KPD ({3; s * }; v) for s = 4; 5. We also obtain some results on KPD ({4; s * }; v) for s = 5; 6. These results can be used to give some new (2; w)-threshold schemes.
Introduction
A packing of X is a collection of subsets of X (called blocks) such that any pair of distinct points from X occur together in at most one block in the collection. Denote by P(K; v) a packing on v points with block sizes all in K. A packing is called resolvable if its block set admits a partition into parallel classes, each parallel class being a partition of the point set X . A Kirkman packing, denoted by KP (K; v), is a resolvable P(K; v).
A Kirkman packing design, denoted by KPD ({w; s * }; v), is a resolvable packing of a v-set by the maximum possible number m(v) of parallel classes, each class containing one block of size s and all other blocks of size w. We usually write KPD (w; v) E-mail address: dubl@pub.sz.jsinfo.net (B. Du). 1 Research supported by Tianyuan Mathematics Foundation of NSFC Grant A0324644 and China Postdoctoral Science Foundation Grant [2003] 03. instead of KPD ({w; w * }; v). In [5, 8, 14] , such a design is also called Kirkman school project design or Kirkman packing design when w = 3 and s ∈ {2; 4}. When w = s = 3, such a design is called Kirkman triple system KTS(v) if v ≡ 3 (mod 6) or nearly Kirkman triple system NKTS(v) if v ≡ 0 (mod 6). The known results concerning KPD ({3; s * }; v) for s ¿ 3 are as follows.
Theorem 1.1 (Ray and Wilson [15] ). There exists a KPD (3; v) containing (v − 1)=2 parallel classes for every v ≡ 3 (mod 6). [1] , Brouwer [3] , Kotzig and Rosa [13] , Rees and Stinson [16] ). There exists a KPD (3; v) containing (v − 2)=2 parallel classes for every v ≡ 0 (mod 6), and v ¿ 18. Theorem 1.3 ( CernÃ y et al. [5] , Phillips [14] ). There exists a KPD ({3; 4 * }; v) containing (v − 3)=2 parallel classes for every v ≡ 1 (mod 3) with v ¿ 25 except possibly for v = 55; 61; 67; 73; 85; 109. For w = 4, many authors have done much work on KPD (4; v). Until now, the existence of KPD (4; v) for v ≡ 0 (mod 12) is solved with a possible exception v = 372 [18, 19, 10, 11] . A KPD (4; v) is indeed a (v; 4; 1)-RBIBD if v ≡ 4 (mod 12), its existence has been completely solved [12] . The existence of KPD (4; v) for v ≡ 8 (mod 12) is almost completely solved with 43 possible exceptions [11] .
Theorem 1.2 (Baker and Wilson
Resolvable packings have been studied by many researchers and found to have a number of applications. Especially, Stinson and Vanstone have given some applications in threshold schemes. In this paper we shall generalize their ideas and use Kirkman packing designs to give some new (2; w)-threshold schemes. The results in Theorem 1.3 and Theorem 1.4 will be updated. We also obtain some KPD ({4; s * }; v)s for s = 5; 6.
Threshold schemes
Let X be a set of v elements (shadows), and let K be a set of m elements (keys). A (t; w)-threshold scheme is a pair (B; H), where B is a set of b (distinct) w-subsets of X (blocks), and H: B → K, such that the following properties are satisÿed:
1. Any t shadows determine at most one key (i.e., for every t-subset S of X , |{H(B): S ⊆ B ∈ B}| = 0 or 1). 2. Any set of fewer than t shadows that occur in a block do not determine a unique key (i.e., for every t -subset S of X , where t ¡ t, |{H(B): S ⊆ B ∈ B}| ¿ 1).
If any set of t (t ¡ t) shadows cannot obtain any partial information about the key, then the threshold scheme is said to be perfect.
Threshold schemes were ÿrst introduced by Shamir [17] and Blakley [2] in 1979. Since then, many constructions have been given for threshold schemes. In 1988, Stinson and Vanstone [21] gave some constructions for perfect threshold schemes using certain combinatorial designs, called partitionable Steiner systems S(t; w; v). A partitionable S(2; w; v) is indeed a (v; w; 1)-RBIBD. For given w, if there exists a (v; w; 1)-RBIBD, then v must satisfy v ≡ w (mod w(w − 1)). What about the corresponding threshold schemes when v ≡ w (mod w(w − 1))? In this case, we shall use a Kirkman packing design KPD (w; s * ; v) (w ¿ s) to obtain (2; w)-threshold schemes. Suppose (X; A) is a KPD ({w; s * }; v) (w ¿ s). The following protocol is used for secret sharing. First of all, the given KPD is made known to all the participants. Let X be the set of possible shadows and the label of the parallel classes P i 1; 2; : : : ; m(v) be possible keys. Suppose dealer D wants to "share" a secret key K (1 6 K 6 m(v)) among a group of w other people. D choose at random a shadow x ∈ X . So there is a unique block B ∈ P K such that x ∈ B. If |B| = w, D then gives each of the w participants a di erent shadow in B. If |B| = s, D choose at random (w − 1)-subset B 1 of B − {x} and then gives each of the w participants a di erent shadow in B 1 ∪ {x}. Suppose a subset of two participants wishes to determine the key. Let {y; z} denote the set of their shadows. They can ÿnd the block B ∈ P K such that {y; z} ⊆ B. Then the key is K.
Suppose that there is a probability distribution on the set of keys {1; 2; : : : ; m} of keys of the threshold scheme (X; A). We also suppose that, for every key K, the shadows are chosen with equal probability. We can prove, as Chen and Stinson did in [6] , p(K) = p(K|{x}) for every key K and for every shadow x,
However, for any key k, p({x}|k) is independent of k. Then
shows that the threshold scheme is perfect. So, we have the following lemma. According to the deÿnition of KPD, it is easy to see that
where b = (v − s + w)=w. So, we have the following lemma. 
v ≡ 0 (mod 3) and s = 3; 
Frames and IKPDs
In this section, we shall give some deÿnitions and the 'Filling in Holes' construction. For both direct constructions and recursive constructions, we shall use frames.
A group-divisible design (GDD) is a triple (X; G; B) which satisÿes the following properties: (i) X is a ÿnite set of points, (ii) G is a partition of X into subsets called groups, (iii) B is a set of subsets of X (called blocks), such that a group and a block contain at most one common point, and every pair of points from distinct groups occur in exactly one block.
The type of a GDD is the multiset {|G| : G ∈ G}. We denote the type by 1 u1 2 u2 : : :, where there are precisely u i occurrences of i, i ¿ 1. The set of block sizes is denoted by K. A k-GDD is a GDD in which all the blocks have size k. A transversal design TD(k; n) is a k-GDD of type n k . It is idempotent if it contains a parallel class of blocks.
A GDD(X; G; B) is called frame resolvable if its block set B can be partitioned into frame parallel classes, each class being a partition of X − G j for some G j ∈ G. A k-frame is a frame resolvable GDD in which all the blocks have size k. It is well known that to each G j there are exactly |G j |=(k − 1) frame parallel classes of triples that partition X − G j . The groups in a k-frame are often considered as holes. The existence results of 3-frame has been solved completely by Stinson. Some papers have been published on 4-frame and the results were updated by Ge recently.
Theorem 3.1 (Stinson [20] ). There exists a 3-frame of type g u if and only if u ¿ 4, g is even and g(u − 1) ≡ 0 (mod 3). In order to use the 'Filling in Holes' construction, we need the notion of an incomplete Kirkman packing design (IKPD). Suppose k ∈ {3; 4} and n(v) be the same as deÿned in Lemma 2.3 and Lemma 2.
is deÿned to be a triple (V; H; B) which satisÿes the following properties: 
Proof. For 1 6 i ¡ s, there are g i =(k − 1) frame parallel classes missing the group of size g i , and the same number of parallel classes in the IKPD ({k; s * }; g i + h; h); match them up arbitrarily, placing the g i points of the IKPD on the ith group of the frame and the h points in its hole on h new points.
Next, each IKPD contains (h − a)=(k − 1) auxiliary parallel classes of triples. From unions of these with (h − a)=(k − 1) parallel classes of the KPD ({k; s * }; g u + h), to form (h − a)=(k − 1) additional parallel classes. There remain g u =(k − 1) parallel classes of the KPD ({k; s * }; g u +h), which can be matched arbitrarily with the g u =(k −1) frame parallel classes of the uth group to complete the construction.
In order to use the 'Filling in Holes' construction illustrated above, we will require Kirkman frames in which the holes are not necessarily all of the same size. To get these, we use the following 'Weighting' construction (see, e.g. Stinson [20] Proof. Take the point set V = Z 13 ×{1; 2; 3; 4}∪H , H = {∞ 1 ; ∞ 2 ; ∞ 3 }. The 26 parallel classes will be generated mod 13 from two initial parallel classes P 1 and P 2 . The blocks of the initial parallel classes are listed below. Proof. Take the point set
=2 parallel classes will be generated mod t from an initial parallel class. The blocks of the initial parallel class for each v are listed below. Proof. Take the point set (Z 32 × {1; 2}) ∪ H , H = {∞ 1 ; ∞ 2 ; ∞ 3 }. The rth parallel class P r will consist of two parts Q r and F r , 0 6 r 6 31. The main part Q r will be generated from Q 0 modulo 32. We assume that the ith 3-frame of type 2 4 is based on the set {i; 8 + i; 16 + i; 24 + i} × {1; 2}. Suppose r = 8j + i, 0 6 j 6 3 and 0 6 i 6 7. Take F r to be the frame parallel class with the hole {r} × {1; 2} in the ith 3-frame. The blocks in Q 0 are listed below. 
KPD ({3; 5 * }; v)s update
In this section, we shall improve the known results on the existence of KPD ({3; 5 * }; v)s in Theorem 1.4 by giving the direct constructions for some designs of small order and using them to obtain some large order designs. Proof. We construct a KPD ({3; 5 * }; 35) on the point set V = Z 7 × {1; 2; 3; 4} ∪ H , H = {∞ 1 ; : : : ; ∞ 7 }. The required 14 parallel classes will be generated mod 7 from two initial parallel classes P 1 and P 2 . The blocks in P 1 and P 2 are as follow:
1 1 Proof. Take the point set V =Z 13 ×{1; 2; 3; 4}∪H , H ={∞ 1 ; : : : ; ∞ 7 }. The 26 parallel classes will be generated mod 13 from two initial parallel classes P 1 and P 2 . The blocks of the initial parallel classes are listed below. Proof. Take the point set (Z 44 × {1; 2}) ∪ H , H = {∞ 1 ; : : : ; ∞ 7 }. The rth parallel class P r will consist of two parts Q r and F r , 0 6 r 6 44. The main part Q r will be generated from Q 0 modulo 44. We assume that the ith 3-frame of type 2 4 is based on the set {i; 11 + i; 22 + i; 33 + i} × {1; 2}. Suppose r = 11j + i, 0 6 j 6 3 and 0 6 i 6 10. Take F r to be the frame parallel class with the hole {r} × {1; 2} in the ith 3-frame. The blocks in Q 0 are listed below. Proof. Take the point set V = Z t × {1; 2} ∪ H , t = (v − 7)=2, H = {∞ 1 ; : : : ; ∞ 7 }. The (v − 7)=2 parallel classes will be generated mod t from an initial parallel class P. For each v, P contains the following blocks: Proof. Let G = Z n , n = (v − 5)=3. We take the point set (Z n × {1; 2; 3}) ∪ {∞ 1 ; : : : ; ∞ 5 }. The blocks of the initial parallel class for each v are listed below. Proof. Note that a KPD ({4; 6 * }; v) has (v − 7)=3 parallel classes and an IKPD ({4; 6 * }; v; 10) has (v − 10)=3 parallel classes and one auxiliary parallel class. Since no pairs of points in the "hole" are used in the IKPD, we can partition the points in the "hole" into two blocks of size 6 and 4. Then combine them with the auxiliary parallel class to form an new parallel class, so we get (v − 10)=3 + 1 = (v − 7)=3 parallel classes which can form a KPD ({4; 6 * }; v). Thus this lemma comes from Lemmas 6.3 and 6.4.
For our main results, we need some 4-frames. Proof. Let (n 0 ; n 1 ; : : :) be the inÿnite sequence of integers deÿned as follows. The initial sequence (n 0 ; : : : ; n 11 ) is (16; 17; 19; 21; 23; 25; 29; 33; 38; 44; 52; 61). Let n 11+j = 61 + j for j ¿ 1. From [7, p. 126] , an idempotent TD (6; n i ) exists for each n i , i ¿ 0.
(i) Take an idempotent TD (6; 16), delete one point x in G 6 and also delete another 11 or 12 points in G 6 . Taking the truncated blocks which contains x and G 6 as groups, we can obtain a {5; 6}-GDD of type 5 16 (ii) Let t =v=12. Since v ¿ 1020, we have t ¿ 85. There exists an integer n i from the sequence so that 5n i + 5 6 t 6 6n i . This can always be done because 6n i ¿ 5n i+1 + 5 for all i ¿ 0. Let t = 6a + 5b, where a ¿ 5 and b ¿ 0. Form the idempotent TD (6; n i ) with groups G 1 ; : : : ; G 6 and blocks 
